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Abstract
Let G be a graph with vertex set V and edge set E such that |V | = p and |E | = q . We denote this graph by (p, q)-graph. For
integers k ≥ 0, define a one-to-one map f from E to {k, k + 1, . . . , k + q − 1} and define the vertex sum for a vertex v as the
sum of the labels of the edges incident to v. If such an edge labeling induces a vertex labeling in which every vertex has a constant
vertex sum (mod p), then G is said to be k-edge magic (k-EM). In this paper, we show that a maximal outerplanar graph of orders
p = 4, 5, 7 are k-EM if and only if k ≡ 2 (mod p) and obtain all maximal outerplanar graphs that are k-EM for k = 3, 4. Finally
we characterize all (p, p − h)-graphs that are k-EM for h ≥ 0. We conjecture that a maximal outerplanar graph of prime order p
is k-EM if and only if k ≡ 2 (mod p).
c⃝ 2015 Kalasalingam University. Production and Hosting by Elsevier B.V. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction
All graphs in this paper are simple graphs with no loops or multiple edges. An undirected simple graph G with
vertex set V and edge set E such that |V | = p and |E | = q is denoted as a (p, q)-graph. Let H be a subgraph of G,
the graph G \ H is the induced subgraph on V (G) \ V (H). As usual we denote the complete bipartite graph with part
sizes m, n, by Km,n .
A labeling for a graph is a map that takes graph elements to numbers (usually positive or non-negative integers).
Various authors have introduced labelings that generalize the idea of magic square. Kotzig and Rosa [1] defined a
magic labeling to be a total labeling on the vertices and edges in which the labels are the integers from 1 to the sum
|V (G)|+|E(G)| such that the sum of labels on an edge and its two endpoints is constant. In 1996 Ringel and Llado [2]
redefined this type of labeling as edge-magic. Also, Enomoto et al. [3] have introduced the name super edge-magic for
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Fig. 1. (6, 8)-graph is 1-EM.
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Fig. 2. k-EM complete bipartite graph K3,3.
magic labelings in the sense of Kotzig and Rosa, with the added property that the n vertices receive the smaller labels,
{1, 2, . . . , n}. Park et al. [4] investigated whether some families of graphs are super edge-magic. Akbari et al. [5]
defined lucky labeling and lucky choice number of graphs and obtained an upper bound for this number.
Lee, Seah, and Tan [6] defined a (p, q)-graph G to be edge-magic (EM), if there exists an edge labeling f : E →
{1, 2, . . . , q} of G such that the induced vertex sums are constant (mod p). A necessary condition for a (p, q)-graph
to be edge-magic is q(q + 1) ≡ 0 (mod p). However, this condition is not sufficient as there are infinitely many
connected graphs, such as, trees and cycles, satisfying this condition but are not edge-magic.
The following definition was proposed by Lee, Su and Wang [7].
Definition 1. For any integer k ≥ 0, define a one-to-one map f from E to {k, k + 1, . . . , k + q − 1} and define the
vertex sum for a vertex v as the sum of the labels of the edges incident to v. If such an edge labeling induces a vertex
labeling in which every vertex has a constant vertex sum (mod p), then G is said to be k-edge magic (k-EM).
Note that a 1-EM labeling is also an EM labeling.
Example 1. Fig. 1 shows a graph G with |V | = 6 and |E | = 8 which is 1-EM with different constant sums (mod 6).
In [8], Lee, Sun, and Wen investigated some k-EM complete bipartite graphs.
Example 2. The complete bipartite graph K3,3 is k-EM for k = 0, 1, . . . , 5 (see Fig. 2).
Theorem 1 ([9]). A necessary condition for a (p, q)-graph to be k-edge-magic is q(q + 2k − 1) ≡ 0 (mod p).
Theorem 2 ([9]). Suppose that G is a regular graph. If G is k-edge-magic for some k, then G is k-edge-magic for
all k ≥ 0.
Theorem 3 ([9]). Suppose G is a k-edge-magic graph of order p > k. Then G is (pt + k)-EM for all t > 0.
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Since every magic square of p2 boxes corresponds to an edge-magic complete bipartite graph K p,p, it follows that
each K p,p is k-edge-magic for all p ≥ 2 and k ≥ 0. For more general results and unsolved problems on edge-magic
graphs, the reader can refer to [10–18].
A planar graph is a graph which can be drawn in the plane without crossing. A planar graph G is outer-planar if and
only if there is an embedding of G on the plane in which every vertex lies on the exterior face. If we consider a planar
graph with no loops or faces bounded by two edges (digons), it may be possible to add a new edge to the presentation
of G such that these properties are preserved. When no such adjunction can be made, the graph is called a maximal
outerplanar graph since any additional edge will destroy its outer planar property. A maximal outerplanar graph can
be viewed as a triangulation of a convex polygon. Chartrand and Harary [10] showed that a graph is outerplanar if
and only if it does not contain a K4 or K2,3 minor. Kumar and Madhavan [19] gave a characterization of maximal
outerplanar graphs, in the context of planar chordal graphs. We record some facts about maximal outerplanar graphs.
Lemma 1. Let G be a maximal outerplanar graph with n ≥ 3 vertices. Then G has
(i) 2n − 3 edges, of which there are n − 3 chords;
(ii) n − 2 inner faces. Each inner face is a triangle;
(iii) at least two vertices with degree 2.
In this paper, we (i) show that all the maximal outerplanar graphs of order p = 4, 5, 7 are k-EM if and only if
k ≡ 2 (mod p), (ii) obtain all the maximal outerplanar graphs that are k-EM for k = 3, 4, and (iii) characterize all
(p, p−h)-graphs that are k-EM for h ≥ 0. We conjecture that a maximal outerplanar graph of prime order p is k-EM
if and only if k ≡ 2 (mod p).
2. k-edge-magic maximal outerplanar graphs of small order
In this section we study the existence of k-edge-magic labeling of maximal outerplanar graphs of small order. First
we state and prove the following theorem:
Theorem 4. For k ≥ 0, a maximal outerplanar graph G of order p is k-EM only if p|6(k − 2).
Proof. By Lemma 1(i), we know G has 2p − 3 edges. By Theorem 1, we have G is k-EM only if q(q + 2k − 1) ≡
0 (mod p). So (2p−3)(2p−4+2k) ≡ 0 (mod p), equivalently 3(2k−4) ≡ 0 (mod p). Therefore p|6(k−2). 
Lemma 2. The maximal outerplanar (MOP) graph of order 4 (M4) is not 0-edge-magic.
Proof. Let the outer cycle of M4 be v1v2v3v4v1 with deg(v1) = deg(v3) = 2. If M4 is 0-EM, then its 5 edges need
to be labeled with 0, 1, 2, 3, 0 (mod 4). The vertex sum cannot be 0 since the 2 edges incident to v1 and v3 must be
labeled with 0, 0 or 1, 3. Similarly, the vertex sum cannot be 1, 2 and 3. Hence, M4 is not 0-EM. 
Theorem 5. All MOPs of order p = 4, 5, 7 are k-edge-magic if and only if k ≡ 2 (mod p).
Proof. By Theorem 3, it suffices to show that for k = 0, 1, . . . , p−1, the graphs of orders 4, 5 and 7 are k-edge-magic
only for k = 2. Let G be a maximal outerplanar graph of order p. Suppose p = 4. By Theorem 4, G is k-edge-magic
only if k ≡ 0, 2 (mod 4). By Lemma 2, G is not 0-EM. The necessity holds. The graph of order 4 in Fig. 3 shows that G
is 2-EM. By Theorem 3, the sufficiency holds. Thus, the theorem holds for p = 4. Suppose p = 5 or 7. By a similar ar-
gument as above and the graphs of orders 5 and 7 in Fig. 3 with their respective 2-EM labeling, the theorem holds. 
Theorem 6. A MOP graph is k-EM for all k ≥ 0 if and only if it is of order 6.
Proof. Theorem 4 implies that if a MOP graph is 1-EM, then it is of order 6. Hence, by contrapositive, the necessity
holds. In Fig. 4, we give a k-EM labeling for all three non-isomorphic MOP graphs of order 6 for k = 0, 1, 2, 3, 4, 5.
By Theorem 3, the sufficiency holds. 
Corollary 1. Any MOP graph of order p ≤ 7 is 2-EM.
Theorem 7. If a MOP graph of prime order p is k-EM, then k ≡ 2 (mod p).
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Fig. 3. MOP that are k-EM for k ≡ 2 (mod p), p = 4, 5, 7.
Fig. 4. MOP graphs of order 6 are k-EM for 0 ≤ k ≤ 5.
Proof. By Theorem 3, it suffices to consider prime p > k ≥ 0. It is clear that p divides 6(k − 2) if and only if
k ≡ 2 (mod p). 
We pose the following conjecture that holds for p = 5 and 7.
Conjecture 1. All MOP graphs of prime order p are k-EM if and only if k ≡ 2 (mod p).
In Fig. 5, we present some MOP graphs of order 8 ≤ p ≤ 10 that are 2-EM.
Problem 1. Prove that all MOP graphs are 2-EM.
Note that if the above holds, then Theorem 3 implies that all MOP graphs of order p are k-EM for k ≡ 2 (mod p).
By Theorem 7, Conjecture 1 will then follow directly.
Using Theorem 4 we have the following results.
Theorem 8. A MOP graph of order p is 3-EM only if p = 6.
Theorem 9. A MOP graph of order p is 4-EM only if p = 6 or 12.
Proof. Let G be a (pt + 4)-EM MOP graph of order p. By Theorem 4, we know that p = 4, 6 or 12. By Lemma 2
and Theorem 3, we know that p = 4 is impossible. Now suppose p = 6. Theorem 2 then implies that G is 4-EM.
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Fig. 5. Some 2-EM MOP of orders 8, 9 and 10.
4
4 4
45
5
5
5
19
19
19
19
21
21
21
21
15
15
15
15
12
12
12
12
13
13
13
13
23
23
23
23
22
22
22
22
9
9
9
9
18
18
18
18
8
8
8
8
0
0
0
0
0
0 0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
000
0
0
0
0
0
0
0
0
10
10
10
10
20
20
20
20
17
17
17
17
16
16
16
16
24
24
24
24
11
11
11
11
7
7
7
7
14
14
14
14
6
6
6
6
Fig. 6. Some 4-EM MOP graph of order 12.
We now consider p = 12. In [20], the authors obtained all 733 non-isomorphic MOP graphs of order 12. All 733
MOP graphs were input to a program written by the third author, which exhaustively searches for a 4-EM labeling.
All graphs were found to admit a 4-EM labeling. Some of them with vertex sum 0 are shown in Fig. 6. The readers
may contact the first author for a list of a possible labeling for all such graphs. Hence, the theorem holds. 
We close this section with the following notation. It is easy to see that if p is odd, then MOP of order p is not k-EM
if k ≢ 2 (mod p).
3. On k-EM of ( p, p− h)-graphs, h ≥ 0
In this section we characterize all k-EM (p, p − h)-graphs for h ≥ 0.
Lemma 3. For h ≥ 0, if a (p, p − h)-graph G with end-vertices admits a k-EM labeling, then all the edge labels of
G are distinct (mod p).
Proof. By definition, all the edge labels of a (p, p − h)-graph G for h ≥ 0 are distinct integers in {k, k + 1, . . . , k +
p − h − 1}. Since p − h ≤ p, {k, k + 1, . . . , k + p − h − 1} is of size at most p. Hence, all the edge labels must be
distinct (mod p). 
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Fig. 7. (p, p)-graph that is k-EM for all k ≥ 0.
Lemma 4. For h ≥ 0, if a (p, p − h)-graph G admits a k-EM labeling, then G has no two adjacent vertices of
degree 2.
Proof. Suppose G admits a k-EM labeling f . By Lemma 3, all the edge labels of G are distinct (mod p). If G has
two adjacent vertices of degree 2, then there exist vertices x and y such that xu and vy are two edges of G with
f (xu)+ f (uv) = f (uv)+ f (vy) (mod p). This implies that f (xu) = f (vy) (mod p), a contradiction. 
Lemma 5. For h ≥ 0, if a (p, p−h)-graph G admits a k-EM labeling, then G has exactly two end-vertices. Moreover,
these two end-vertices are adjacent.
Proof. Suppose G has at least 3 end-vertices and G admits a k-EM labeling. Obviously, these vertices are incident to
at least 2 edges. By Lemma 3, the corresponding edge labels must be distinct (mod p). It follows that at least two of the
induced vertex labels of all these end-vertices are distinct (mod p), a contradiction. Now suppose G has exactly two
end-vertices u and v. If u and v are not adjacent, then they are incident to 2 distinct edges that would be assigned with
distinct integers (mod p) under a k-EM labeling. This means the induced vertex labels of u and v would be distinct
(mod p), also a contradiction. Hence, u and v are adjacent. If G has only one end-vertex, then G has no tree as a com-
ponent. Hence, a component of G is the vertex-gluing of a cycle and a K2, contradicting Lemma 4. If G has no end-
vertices, then G has no tree as a component. Hence, G is the disjoint union of cycles, also contradicting Lemma 4. 
Lemma 6. If a (p, p)-graph G admits a k-EM labeling for some k, then G is k-EM for all k.
Proof. Suppose G admits a k-EM labeling f such that for each edge ei of G, f (ei ) = k + i − 1, 1 ≤ i ≤ p. If we
replace f (e1) = k with f (e1) = p+ k, the resulting labeling corresponds to a (k+ 1)-EM labeling of G. Similarly, if
we replace f (ep) = k+ p−1 by f (ep) = k−1, the resulting labeling corresponds to a (k−1)-EM labeling of G. 
Theorem 10. The graph M4 + K2 is the only (p, p)-graph that admits a k-EM labeling. Moreover, it is k-EM for all
k ≥ 0.
Proof. Let G be a (p, p)-graph that admits a k-EM labeling. Suppose each component of G is 2-connected. Note
that every connected graph of order p has q ≥ p − 1 edges and the equality holds if and only if G is a tree. Hence,
every component of G is a cycle. By Lemma 4, this is not possible. We now assume that all components of G are not
2-connected. Hence, G has some 1-connected components. If all the 1-connected components have no end-vertices,
then they induce a (p′, q)-graph with q > p′. This implies that G has at least a tree which has end-vertices as a com-
ponent, a contradiction. Suppose some of the 1-connected components of G have end-vertices. By Lemmas 4 and 5,
G has only a 1-connected component which is a K2. Lemma 5 further implies that G \ K2 is a generalized θ -graph.
By Lemma 4, G \ K2 ∼= M4. Hence, G ∼= M4 + K2. The labeling in Fig. 7 shows that G is 1-EM.
By Lemma 6, the theorem holds. 
Theorem 11. The graph K2 is the only (p, p − 1)-graph that admits a k-EM labeling. Moreover, it is k-EM for all
k ≥ 0.
Proof. Let G be a (p, p − 1)-graph that admits a k-EM labeling. If G is a tree, then G ∼= K2. Since G has only 1
edge, by definition, G is k-EM for all k ≥ 0. Suppose G is not a tree. This implies that G is the disjoint union of a
tree K2 and some components that induce a (p′, p′ + j)-graph, for j ≥ 0. By Lemma 4, this is not possible. 
Theorem 12. For h ≥ 2, all (p, p − h)-graphs are not k-EM.
Proof. For h ≥ 2, each (p, p− h)-graph has a forest that has at least 4 end-vertices. Since all these graphs have more
vertices than edges, by Lemma 5, they do not admit any k-EM labeling. 
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4. Discussion
Finding a k-edge-magic labeling of all MOP graphs for a particular k is a very difficult problem. New approach
would be needed to prove Problem 1. In this paper, all the edge labels are distinct positive integers. It would be an
interesting topic of research if two edges may have same labels. We end this paper with the following question.
Question 1. For h ≥ 2, let Gh be the family of all (p, p + h)-graphs. Does there exist h such that Gh has only one
graph that admits a k-EM labeling? If so, does that graph admit a k-EM labeling for all k ≥ 0?
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